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Abstract 
This paper presents an investigation on the vibration behaviour of rectangular Mindlin plates with one or more pre-
existing through cracks. The moving least square element (MLS-element) method recently developed by the authors 
is further extended to carry out this study. The shape functions of an element for the displacement fields can be 
derived based on the MLS interpolation technique. The MLS-element method possesses the flexibility of finite 
element method and the advantages of MLS technique which can improve the accuracy of the analysis by increasing 
the number of MLS points within the elements or the number of terms of the basis functions in the MLS interpolation. 
Convergence and comparison studied for plates with cracks are carried out to verify the correctness and accuracy of 
the MLS-element method. Vibration frequencies for Mindlin plates with multiple cracks are obtained. The influence 
of the crack locations and lengths on the vibration behaviour of plates is presented and discussed. 
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1. Introduction 
Since plates are important structural components for engineering applications, the studies on the 
vibration of plates have been carried out by many researchers over the last few decades and are well 
documented (Leissa 1969; Bert 1991; Liew et al. 1995). Cracks may exist in plate structures which 
introduce additional flexibility and reduce the vibration frequencies of the plates. It is important to 
recognise the change of vibration behaviour of plates by the presence of pre-existing through cracks when 
applying plates as structural components or detecting the damages of plate structures. Due to the stress 
singularity at the crack tips, it is more difficult to analyse plates with cracks than intact plates. The 
vibration of plates with cracks has attracted relatively less attention. Researchers employed several semi-
analytical and numerical methods to attempt this problem over the last few decades, such as Lynn and 
Kumbasar (1967), Yuan and Dickinson (1992), Liew et al. (1994) and Huang and Leissa (2009). All these 
studied were based on the classical thin plate theory and the effect of transverse shear deformation and 
rotary inertia was neglected. 
In this paper, we will use a newly developed moving least square element (MLS-element) method 
(Zhou and Xiang 2009) to study the vibration behaviour of rectangular plates with multiple through 
cracks. The Mindlin first order shear deformable plate theory (Mindlin 1951) is employed so that the 
effect of transverse shear deformation and rotary inertia will be considered in the study. The MLS-
element method employs the moving least square technique (Belytschko et al. 1996) to derive the shape 
functions of the displacement fields in an element of a Mindlin plate. The method can be readily applied 
to analyse rectangular Mindlin plates with cracks and different combination of edge support conditions. 
Convergence and comparison studies are carried out to validate the MLS-element method. New 
frequency parameters for square and rectangular Mindlin plates are obtained and presented. The effect of 
cracks on the vibration behaviour of Mindlin plates is discussed. 
Figure 1: Geometry and coordinate system of a cracked rectangular Mindlin plate. 
2. Mathematical Formulation 
2.1 Problem definition 
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Consider a rectangular Mindlin plate of length a, width b and thickness h as shown in Fig. 1. There 
are one or more pre-existing horizontal and vertical through cracks in the plate. The problem at hand is to 
determine the vibration frequencies of the plate in the presence of the cracks. The plate is made of 
isotropic elastic material with Young’s modulus E, shear modulus ], Poisson’s ratio 
, and mass density , respectively. 
For free harmonic vibration, the total potential energy functional of the Mindlin plate can be derived 
as follows (Liew et al. 1998): 
TU  3           (1) 
where U is the strain energy and T is the kinetic energy of the plate as given below: 
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in which A is the area of plate,  is the circular frequency of the vibration,  = 5/6 is the shear 
correction factor,  is the flexural rigidity of the plate,  is the 
transverse displacement and  and   are the rotations along the y and x directions, 
respectively.
The geometrical boundary conditions for simply supported and clamped edges of the rectangular 
Mindlin plate can be expressed as: 
0,0   tw T for a simply supported edge     (4) 
0,0,0    ntw TT   for a clamped edge     (5) 
in which the subscripts t and n are the directions tangential and normal to the edge, respectively. 
A newly developed moving least square element (MLS-element) method (Zhou and Xiang 2009) is 
employed to determine the vibration frequencies of the rectangular Mindlin plate with pre-existing 
through cracks. The MLS-element method is briefly presented below for consistence and easy reference. 
2.2 MLS-Element method 
For simplicity, a rectangular Mindlin plate can be divided into multiple rectangular elements. The 
elements are connected through the displacements at common points along the element edges and at 
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corners. There are a number of points inside each element to improve the accuracy of the interpolation. 
The moving least square technique (Belytschko 1996), which is commonly employed in the meshless 
methods, is adopted herein for the interpolation of the displacement fields ,  and 
 in an element. We use the transverse displacement  to illustrate the derivation of 
shape functions in the interpolation process. 
The transverse displacement  in an element can be approximated by (Belytschko, 1996) 
ap ),(),(),(
1
yxayxpyxw T
r
i
ii
h   ¦
        (6) 
in which  is the basis function, 
 is the unknown coefficient and r is the number of terms in the basis function 
and the unknown coefficient for the approximation. To determine the unknown coefficient a, we can 
minimize the following weighted quadratic form with respect to a:
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in which n is the number of points in the element,  is the nominal displacement value at the i-th point, 
and  is the weight function taking the value of   if the 
distance between  and  is less than or equal to the radius of support d, otherwise, taking 
the value of zero, where k is an integer. Note that the nominal displacement  is normally not equal to 
the displacement  at the i-th point. Therefore, we should not use the nominal displacements to impose 
boundary conditions or enforce connectivity between elements. 
After the unknown coefficient a is determined, the transverse displacement can be expressed as: 
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where  is the shape function for the i-th point which taking the value zero when the distance 
between  and  is greater than the radius of support d, otherwise, being determined when 
minimizing Eq. (7) with respect to a. The detailed procedure for obtaining the shape function  is 
given in Zhou and Zheng (2006). 
We may apply Eq. (8) to obtained the transverse displacements for the m points on the element 
edges and at corners 
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From Equation (9), the nominal displacements of the m points on the element edges and at corners 
can be expressed in terms of the real displacement of the m points on the element edges and at corners 
and the nominal displacement of the  points inside the element. Equation (8) can be re-written 
as:
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The detailed process in determining the shape functions  and  is given in Zhou 
and Xiang (2009). 
The same procedure can be applied to determine the shape functions for the rotations  and 
. Substituting the derived displacement fields into Eq. (1) and minimizing Eq. (1) leads to the 
eigenvalue equation which can be solved to determine the circular frequency  of the plate. The real 
displacements ,  and of the m points on the element edges and at corners can be used to 
impose boundary conditions and enforce connectivity between elements. 
2.3 Modeling of cracks 
Figure 2 is depicted to illustrate the procedure to model a horizontal side crack in a plate. The plate is 
divided into four elements and the crack occurs at the edge between two elements as shown in Fig. 2. As 
it is a through crack, the displacement fields  and  are all discontinued at 
the cracked edge. It is seen in Fig. 2 that the two elements do not share an edge at the cracked location. It 
ensures that no connectivity is imposed at the points between the two elements at the cracked edge.  
Figure 2: Point system in a cracked rectangular Mindlin plate. 
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3. Results and Discussion 
Convergence and comparison studies are presented in this section to verify the correctness and 
accuracy of the MLS-element method for the vibration analysis of Mindlin plates with cracks. The 
Poisson ratio  and the shear correction factor  are used. The integer k in the weight 
function in Eq. (7) is set to be 15 and the number of Gaussian points along the x and y directions in an 
element are equal to 30. A set of 2D complete polynomial of 2 degree is used for the basis function in the 
MLS interpolation, i.e. .
Table 1 presents the first five frequency parameters  for a simply supported 
square plate with a horizontal side crack of half of the plate length and at mid-height of the plate as shown 
in the table. The plate thickness ratio h/b is set to be 0.01 so that a comparison of the present solutions can 
be made against the Ritz results obtained by Huang and Leissa (2009) and the domain decomposition 
results by Liew et al. (1994) both based on the classical thin plate theory. In this computation, four equal 
sized elements are used. It is observed that when the number of MLS points in an element along the x and 
y directions vary from 5 to 12, reasonable convergent results are achieved. Note that the radius of support 
to the element length ratio  varies from 1 to 0.9 when the number of MLS points increases from 5 to 
12. The MLS-element results are in good agreement with the ones obtained by Huang and Leissa (2009) 
and Liew et al. (1994). 
Table 1: Convergence and comparison studies of a cracked simply supported square plate 
Plate with one crack MLS points Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 
5 1 19.49 51.58 51.71 80.01 111.15 
7 1 18.77 45.40 47.94 67.95 89.00 
9 1 18.66 44.83 47.87 66.99 88.10 
10 1 18.63 44.65 47.86 66.68 87.90 
11 0.95 18.51 44.52 47.85 66.51 87.76 
12 0.9 18.60 44.31 47.84 66.22 87.62 
Huang and Leissa (2009) 
(20xx) 
 18.65 43.42 47.92 64.40 88.08 
Liew et al. (1994)  18.73 43.40 47.99 64.67 88.71 
Table 2 presents the first five frequency parameters  for simply supported and clamped square 
Mindlin plates of thickness ratios h/b = 0.1 and 0.2 and having the same horizontal side crack as shown in 
Table 1. The frequency parameters for the un-cracked plates (Liew et al. 1993) are also presented in the 
table to show the effect of the crack on the vibration frequencies of the plates. Four equal sized elements 
are used, the number of MLS points in an element along the x and y directions are 12 and the 
value is taken to be 0.9 in the computation. As expected, plates with the horizontal crack have lower 
frequency parameters when comparing with the ones of the intact plates. The reduction rate of the 
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frequency parameters due to the crack is slightly larger for the simply supported plates than for the 
clamped plates. In Table 2, the largest reduction of frequency parameter (20%) is observed in the second 
mode of the SSSS plate with h/b = 0.2. The frequency parameters for plates with a larger thickness to 
width ratio (h/b = 0.2) are smaller than their thinner counterpart (h/b = 0.1) due to the effect of transverse 
shear deformation and rotary inertia of the plates. 
The MLS-element method is capable of analysing square and rectangular Mindlin plates with 
multiple cracks. Table 3 shows the first five frequency parameters for clamped, free and simply supported 
square plates and simply supported rectangular plates with one internal horizontal crack and one internal 
vertical crack as shown in the table. Sixteen equal sized elements are employed, 7 MLS points along the x
and y directions are used in each element and the  value is taken to be 2 in the computation. These 
vibration solutions are first-known for rectangular Mindlin plates with two cracks as shown in the table. 
Table 2: Frequency parameters  for square Mindlin plates with a horizontal edge crack 
Cases Crack status h/b Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 
SSSS Cracked 0.1 17.72 37.95 43.94 57.52 75.26 
SSSS Un-cracked 0.1 19.07 45.48 45.48 69.79 85.04 
SSSS Cracked 0.2 16.17 30.41 36.88 46.20 58.46 
SSSS U-ncracked 0.2 17.47 38.15 38.15 55.15 65.15 
CCCC Cracked 0.1 30.63 52.85 59.98 73.30 91.49 
CCCC Un-cracked 0.1 32.52 62.04 62.04 86.95 102.43 
CCCC Cracked 0.2 25.16 38.76 44.91 53.01 63.87 
CCCC Un-cracked 0.2 26.52 46.30 46.30 62.16 70.83 
Table 3: Frequency parameters  for square Mindlin plates with two cracks 
Plate with two cracks Cases h/b Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 
Square Plates (a/b = 1) 
FFFF 0.1 12.48 18.58 22.32 31.24 31.63 
FFFF 0.2 11.35 16.97 20.11 26.75 27.22 
CCCC 0.1 31.50 56.62 59.79 83.01 96.16 
CCCC 0.2 25.48 42.64 44.91 60.11 67.10 
SSSS 0.1 18.12 40.91 43.50 66.87 79.85 
SSSS 0.2 16.46 34.40 36.47 53.00 60.02 
Rectangular Plates (a/b = 2) 
SSSS 0.1 11.06 18.10 29.40 33.40 43.42 
SSSS 0.2 10.28 16.48 25.71 28.48 36.05 
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4. Conclusions 
In this paper, a newly developed moving least square element (MLS-element) method has been 
applied to study the vibration problems of cracked rectangular Mindlin plates. The method is capable of 
analysing plates with multiple horizontal and vertical cracks and different combinations of edge support 
conditions. A convergence and comparison study has been carried out to verify the correctness of the 
MLS-element method for analysing cracked plates. New results for square and rectangular Mindlin plates 
with one and two cracks have been obtained and presented in the paper. The influence of cracks on the 
frequency parameters of plates has been discussed. Further development of this method will be carried 
out for elements of other shapes and for plates vibrating in high frequency modes. 
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